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Introduction
Since the last century, the world has experienced important changes in demographic parameters. Better health care and social improvements have decreased infant mortality and have expanded longevity. As a consequence, world population had increased constantly since 1800 up to approximate 1970, but more recently that annual growth rate has been declining at a high pace, showing a visible demographic transition. This transition presents several aspects, on one side population growth is slowing, but also age structure of the population is changing, decreasing young people and rising the elderly proportion of the population.
Moreover, in developed countries, increasing longevity and migration has masked an important reduction trend in fertility. Different countries and regions show different stages of this demographic transition. Many developing countries in East and Southeast Asia and Central and Eastern Europe will experience significant aging from about 2020. In other developing countries, however, the demographic transition is less advanced, and working-age populations will increase in the coming decades (IMF, 2004) . The question on how to model the population changes has motivated demographers and social scientists to find suitable models and new ideas. This demographic transition will most probably have a real impact on economic growth, and therefore, the development of sound models will be increasingly relevant. Moreover, these changes will also impact on energy primary consumption and carbon emissions, a very sensitive aspect in dealing with global climatic change.
Economic growth has been a major concern among economic theorists for centuries.
Despite the different views, population growth has always played an important role. But, while some view population as detrimental to economic growth, others see population as a major contributor. 1 The first type of ideas goes back to the writings of Thomas Malthus (Malthus, 1798) . The reasoning was that since land is limited and has diminishing marginal returns to its use, as population increases and the land is harvested more intensely, the economy reaches a zero growth in per capita GDP. Similarly, though moving away from fixed land to the possibility of reproducible capital goods, Robert Solow (Solow, 1956) came to the conclusion that increasing population produces a slowing economy, since more investment is needed to maintain the same per capita output. This happens because, when the ratio of machines per worker increases, per capita output increases as well, each time by diminishing incremental amounts. Hence, at some point, the growth rate of GDP per capita ends up falling to zero. The "solution" to this trap, brought about by the neoclassical economic growth literature, was to assume that the economy grew through an exogenous technical progress (see, for example, the Cass-Koopmans-Ramsey model, from Ramsey 1928 , Cass 1965 and Koopmans 1965 . The role of technological changes in population and economic growth has also been highlighted in several studies (Schumpeter, 1934; Kremer, 1993; and Kozulj, 2003) .
But it should also be considered that population growth has two effects: it increases the number of consumers and at the same time increases the number of workers devoted to productive activity and research, as well as the scale of the economy. Hence, the so-called "endogenous growth models" (lead by Paul Romer and Robert Lucas in the early 80s) were able to forecast growth of GDP based, not on exogenous technical progress, but rather on the existence of investment on research and development or other sorts of externalities that generate by themselves growth (Romer, 1986; Lucas, 1988 ; and a review of their research in Romer, 1994) . Hence, a larger population means more chance of having that kind of effect.
The economic theory debate on whether population growth is detrimental or beneficial to the welfare of humanity essentially comes down to the opposing conclusions of the exogenous versus the endogenous growth models, or in another words, diminishing returns versus creation of technology to overcome them. Empirically, the definition of economic growth as an increase in output per capita implies an inverse relationship between output (GDP) and population, but not necessarily as a cause-effect relationship; if population causes total economical output to increase faster than population does, then it will produce an increase in per capita output. In fact, data evidence does not unambiguously support either view of population growth. In any of the discussed approaches, it is clear that there is a strong interaction between population and economic output.
In this paper, the population dynamics and economic growth are treated as a dynamic system described by a set of ordinary differential equations in a general form of competing species. The typical predator-prey model or Lotka-Volterra relation (Lokta, 1925 and Volterra, 1926) , is well known in the biological, ecological and environmental literature (Carpenter et al., 1994; Janssen et al., 1997; Jost and Arditi, 2000; Jost and Ellner, 2000; Shertzer et al., 2002; Beisner et al., 2003, Song and Xiang, 2006 , and many others). These relations have even been applied in other fields, for example, in atmospheric chemistry (Wang et al, 2002) , in urban growth studies (Capello and Faggian, 2002 , Dendrinos and Mullally 1981 , 1983 Puliafito, 2002 Puliafito, , 2004 Puliafito, , 2006 , in the tourist industry (e.g. Casagrandi and Rinaldi, 2002; Hernández and León, 2006) . Economic models based on prey-predator relations and system dynamics are used to study the complex feedbacks between economy, population, labor and capital (Goodwin, 1969; and Samuelson, 1971; Woodwell, 1998; Johansen and Sornette, 2001; Ramos-Gilberto, 2005; Krutilla and Reuveny, 2006 , Forrester, 1961 Lantz and Feng (2006) found that population and technology exhibit an inverted U-shaped and U-shaped relationship respectively with CO 2 emissions.
More on the side of ecological economics literature, during the early 1970s, Ehrlich, Holdren and Commoner proposed the IPAT identity as a first guess to analyze the driving forces of environmental change, i.e., Commoner et al. (1971) ; Ehrlich and Holdren (1972) .
The IPAT calculations establish that environmental impacts are the product or combination of three main driving forces: population, affluence (per capita consumption or production) and technology (impact per unit of consumption or production). IPAT has been widely used to 2 For a review of the literature on economic growth and the environment, see Panayotou (2000) . study the effects of human activities on the environment (Stern et al., 1992; Harrison and Pearce, 2000, Harrison, 1993; Raskin, 1995; York et al., 2002) . Here, following that same idea, carbon emissions and energy demand are modeled as dependent on socio-economic variables.
This paper is organized in the following way. In Section 2, we propose a model for population and economic growth, and we simulate it from year 1850 to year 2150. The results of the simulation studies are then compared to data and estimations of International Agencies.
In Section 3, we introduce to the same model a new set of equations to estimate the world primary energy consumption and carbon emissions. The results are compared to world agencies estimations as the IPCC Scenarios. We discuss in Section 4 the sensitivity of the model and conclude in Section 5.
Model and Simulations for Population and GDP Dynamics

The Model
Lokta and Volterra (Lokta, 1925; Volterra, 1926) first proposed a relation to explain the dynamics of two (or more species), known also as prey-predator equations. Lokta Volterra relations (LVR) might be seen as a particularization of more general system dynamics equations. In fact, the LVR can be found in the literature in many different forms and variations, but it may be written as a set of two (or more) ordinary differential equations (ODE). 4 Some authors explicitly incorporate a logistic growth function for one of the species (MacArthur, 1970 , Armstrong and MacGhee, 1980 , Abrams and Holt, 2002 Marchetti et al, 1996, Seidl and Tisdell, 1999) . Some other LVR equations, especially in ecology, explicitly specifies a functional response to describe the interaction between the two species (i.e., Holling, 1959; Blaine, and De Angelis, 1997; Fenlon and Faddy, 2006 ; among others). Some LVR also include the concept of carrying capacity of the environment (e.g. Seidl and Tisdell, 1999) . 5 For many years, social scientists and demographers have used the concept of logistic growth to describe population dynamics. Moreover, defining a carrying capacity implies the idea of an upper limit to that logistic growth.
The LVR, in essence, describes the interaction of two species, where the growth rate of the first specie is dependent on the growth rate of the other species. In a very general way, these equations are expressed as:
where p is the population of one specie (i.e. the prey), g the population of the second specie (i.e. the predator), dt dp and dt dg are the annual changes. The product rpg is the interaction between both species, which represents a control or limiting mechanism, being r a coefficient that regulates such interaction. The coefficient a represents the prey's population growth rate in absence of any interaction with the predator, and b is the annual death rate of the second specie in absence of the first specie.
From a mathematical point of view, if p and g have similar temporal variation, which corresponds to a stationary frame, the ratio g/p can be approximated to a constant (≈ q). Then, it is possible to rearrange Equation (1) and show that p and g will produce two logistic type equations for p and g:
However, if the ratio g/p is not constant, a logistic type curve can only result if also a and b are not constant but have a proper variation. To represent these types of non stationary frames adequately, in particular in what concerns the short-run changes, equation (2) can be modified by including an additional function f (p,g,t) , which modulates the growth rate a and b. Function f (p,g,t) might be interpreted as an external excitation function, which comprises all other causes of variation not included in the predator-prey solely mechanism.
caution in the use of this concept in human ecology, not to be interpreted as universal constant but continuously modified by social and institutional settings.
In fact, the LVR is a closed model because the eventual changes in the carrying capacity of the substrate are not explicit. To make them explicit, considering now an open model, the substrate has to be taken as varying along time, for example due to the changing culture and technology. Although population and gross domestic product may be fitted to logistic type curves, there is no clear indication on which may be the value of the maximum carrying capacity value, nor a clear explanation for this limitation process. One possible feedback mechanism, which may explain this limitation processes is linked to the availability of natural resources. Indeed, the idea of an upper population limit can be associated to the availability of resources. 6 Here, the proposed set of equations is a generalization in the form of an open-system dynamic model. Note that the rates of production or consumption of the species are written without specifying the signs. To capture the influence of the variation of the substrate on the growth rates of the considered species, we include a functional response f. Now Equation (1) may be rewritten as:
where the coefficients, a, b and r, have been replaced (to include their own signs and units) by α 1 , α 2 and β 1 , β 2 , while α 3 f modulates the growth rate α 1 .
When applying biological and ecological analogies, such as LVR, to other sciences, one is tempted to define one variable as a prey and the other as the predator. For example, Mullally (1981, 1983) proposed an application of LVR to urban dynamics, defining the urban population as the predator, and per-capita income as the prey. Instead also for a similar urban dynamics application, Cappello and Faggian (2002) define population as the prey, and land price as the predator. So, in this respect, we prefer to apply a general system dynamic approach without specifically naming either variable as prey or predator, since we could probably find different intuitive justification to choose one or the other option.
However, as it will be shown below, the GDP (as proxy for natural resources) could be interpreted as the prey and the population as the predator. Initially an increasing growth rate of the GDP favors an increase in the population, up to certain population level, where it 6 An interesting critical review of ecological and economical analogies is presented by Ayres (2004) .
follows first a population decline followed later by a GDP reduction, beginning a new cycle or transition.
The experience shows that most positive culture and technology changes arise in scenarios with an increasing g/p rate. Therefore, the function f (g,p,t) could be expressed in terms of the quotient g/p or more generically as an expansion in power series of the type Σ k n. (g/p) n , with n being a positive integer. A first order approximation is to set f equal to k 1 (g/p), but other solutions are also possible adding further terms with greater values of n. If f =k g/p is replaced in (3), equation (4) follows:
As can be seen in this equation, (α 3 k 1 g + α 2 g p) is proportional to dg/dt, which again clearly suggests the coupling between changes in population and changes in GDP.
The coefficients α 1 and β 1 represent the growing rates for population and GDP; α 2 and β 2 are the main control mechanism in the LVR, which moderates the growth in p and g. Since g/p has a near exponential growth, the first term in Equation (4), for example, with k 1 positive, will induce to produce a higher growth rate. Since α 2 is negative , it will produce a reduction in the growth rate, specially for higher values of g. The combination of both coefficients allows a great flexibility in the dynamic of the variables.
Simulations
As mentioned above, the LVR type equations are characterized as ordinary differential equations ODE, whose solutions may derive in numerical instabilities (stiff equations). These instabilities may occur, for example, when the coefficients of the ODE are several orders of magnitude different. For an interesting discussion on stiff ODE see Wang et al (2002) ; Sepplet and Richter (2005) ; Press et al (1999) . In this case, we solve the ODE using a Rosenbrock modification to Runge-Kutta-Fehlberg (RKF) method in a FORTRAN 77 code as suggested by Press et al (1999) (1973, 1999) , McEvedy and Jones (1978) , Biraben (1980 ), Durand (1974 , 1977 ), Klein Goldewijk (2005 , and Maddison (1995) . Additionaly we compared the historical values used in several global model such as Dynamic Integrated Climate-Economy Model-DICE (Nordhaus, 1992) , and Integrated Modeling of Global Climate Change-IMAGE (Alcamo, 1994) . Figure 2A shows the population changes in percentage and Figure 2B as absolute changes in millions of inhabitants. Figure 3 shows the world annual changes in %, calculated using the model and compared to international databases. It is interesting to note that the predicted shape of population over time follow a logistic type curve ( Figure 1) ; and consequently the annual changes is a "bell-shaped" type curve (Figure 2 B) as suggested above in equation (2).
7 By selecting a higher β 2 coefficient also the GDP will take a logistic type curve. Figure 4 shows the evolution of per capita GDP. 
Figure 4. Comparison Model and Data for GDP per capita
According to the proposed coefficients, the population will have a slow growth of about 0.3% per year (typical value for population growth prior to 1900), and it is boosted through the per capita growth rate increase present in the functional response α 3 f. But the same GDP growth will limit the population growth expressed by negative sign of α 2 . On the other side, the mean growth of GDP at a high rate of 3.1 % is controlled by the population growth β 2 . The function f is then used as a proxy function to represent the technological and cultural changes. Since g and p are coupled, the function could also be applied to g and obtain similar results. Figure 2 and Figure 3 show slow changes at the beginning of the transition phase, then reaches a maximum in years 1960-1970, followed by a steady decline, tending to a new stabilization phase by about 2070-2080 of about 10,000 Millions inhabitant. According to the proposed coefficients presented in Figure 3 , the GDP changes tend to stabilize at a 1.5 % increase rate for a steady population. By increasing the absolute value of coefficient α 2 , the GDP rates will tend to diminish leveling the values of the GDP.
The rationale for this process is suggested by the following argument. According to current estimations, before 1900, both economic and population growth were small, approximately 1.3-2.0% for g and 0.6-0.8% annual increases for p, which was the result of high mortality and high birth rates. Important theoretical and technological changes were The role of technological changes in population and economic growth has been presented in many economical studies (Schumpeter, 1934; Kremer, 1993; Kozulj, 2003) . It is interesting to note that Schumpeter not only had emphasized the role of technological progress, but despite the increasing trends in population and economic growth shown in the late '30s, he had foreseen the decline in capitalist economic growth due to internal causes, specially the disintegration of the bourgeois family, which profoundly affect the demographic trends (described in Schumpeter, 1942 ).
These three "times" or phases in the demographic transition are also in agreement with the descriptions of a "Malthusian regime", a "Post-Malthusian" and "Modern Growth" as expressed by Galor and Weil, (2000) : "In the Malthusian regime, population growth is positively related to the level of income per capita. Technological progress is slow and is proportional to population increase, so GDP per capita is constant. In the "Post-Malthusian"
regime, the growth rates of technology and GDP are high. Population growth absorbs much of the growth of output, but income per capita does rise slowly. The economy endogenously undergoes a demographic transition in which the positive relationship is reversed".
Model and simulations for energy demand and carbon emissions
The model
The identification and understanding of key driving forces leading to carbon emission into the atmosphere confronts the researcher to deal with socio-economic variables that lie far beyond the atmospheric sciences, such as population growth, gross domestic product, and energy consumption, among others. Despite the tremendous effort already developed to properly capture these matters in a model, there are still many open questions concerning the main ideas and interacting relations behind the anthropogenic greenhouse gases emissions.
An important application to the model described in the above section is related to the estimation of energy consumption and global carbon emissions, which requires a better understanding of population dynamic and GDP growth. As stated above, during the early 1970s, Commoner (1971) , and Ehrlich and Holdren (1972) proposed the IPAT identity as a first guess to analyze the driving forces of environmental change. The IPAT calculations establish that environmental impacts are the product or combination of three main driving forces: population, affluence (per capita consumption or production) and technology (impact per unit of consumption or production), then
In this identity, the impact I (i.e. the carbon emissions), is accounted through the national inventories [tons of CO 2 ], the population P [hab] is well documented, the affluence A is calculated as per capita gross domestic product [U$S/hab], and T (the effect of technology)
is normally solved from this equation. T also accounts for the efficiency of the emissions and may be measured as tons of CO 2 per U$S of the GDP. Other authors like Ogawa (1991), Nakicenovic et al, (1993) , Watson et al, (1996) , Gürer and Ban, (1997) , O´Neill et al, (2000), Waggoner and Ausubel (2002) , have proposed or used similar relations. This identity is sometimes also called Kaya identity (Kaya, 1990) . In a general form, this identity can be seen as a composition of the following variables and indicators:
The bracket [.] in equation (6) represents the affluence A, and the most right parenthesis is the emissions´ efficiency or T. Although the idea is simple and linear, the shortcoming of this identity is that it assumes that the variables are independent. So, a change in one of them will produce no effect on the other variable, which is not completely true, as we have seen in the precedent sections. However, it captures the main driver forces or state variables of the environmental impact of human activity. In the same line, York et al., (2003) , and Dietz and Rosa (1997) . 8 The objective of these models is to estimate the anthropogenic emissions of greenhouse gases and consequently the evaluation of possible mitigation and adaptation strategies.
In all the discussed models, key drivers such as population and economic output need to be used to estimate the energy consumption and the emission data. In this paper, we estimate the annual changes in energy consumption e and carbon emission c assuming a similar behaviour in the changes in GDP and population. Since e and c are strongly coupled to g and p, we propose a similar set of differential equations as ( where ε 1 is the rate of increase in energy consumption by a growing economy, in absence of any other limiting factor; ε 2 is the energy reduction by spare behaviors. Similar considerations can be said for changes in the carbon emissions, i.e, σ 1 is the increase in carbon emissions for a growing economy; σ 2 is the carbon emissions control or reduction through increasing 8 The IPCC is organized by the World Meteorological Organization (WMO) and the United Nations Environmental Program (UNEP) to advice the Conference of the Parties of the United Nations Framework Conventions on Climate Change (UNFCCC) to understand the complex relations and feedbacks concerning the climate change. Other international initiatives are organized in many well known programmes such as the environmental awareness in the population. It must be noted that to solve equation (7) it is necessary to run simultaneously equations (3), thus, obtaining four differential equations. This interrelation may be understood in the following way. A better efficiency induced by higher purchase possibilities and more investments in technology may produce on one side a reduction in consumption but also a may rise consumption due to higher purchase possibilities, as seen in developed countries. show a high degree of variances. In this model, we chose an intermediate value consistent with stabilization in lower rate for g and p.
Simulation's results
9 As mentioned before, a better technology and efficiency may induce to energy reduction and also to decreasing carbon emission. Choosing other values of the control parameters will produce a shift in the maximum values, producing an early decay or a delay. Probably the carbon emissions will be reduced in the next decades, as more investments in cleaner technology are performed and fossil energy shifts towards other sources of energy generation followed by a growing environmental awareness.
International Geosphere-Biosphere Programme (IGBP), the International Human Dimensions Programme on Global Change (IHDP) and the Global Carbon Project (GCP). 
Sensibility analysis
To test the sensibility of the model to uncertainties in the parameter estimation, we performed a Monte Carlo simulation. The way to test different scenarios consists in varying the parameters α i , β i , ε i , and σ i randomly using a gaussian deviation. First, we select a set of values for the coefficients, which, for example matches the data and some reference model,
i.e., the projections of the international statistics. Secondly, we added some random noise to the parameters, whose variances are increased proportionally with increasing time span: being 0% at 2000 up to 150% in year 2150 respect to the initial value. Finally, we compute the mean values, maximum and minimum values; and ± 1 standard deviation, of population, gross domestic product, primary energy consumptions and carbon emissions for each run. This means that these parameters will change year after year in a random way with an increasing variance, which corresponds to an increasing uncertainty, as the projections moves forward from current knowledge. By running it several times, the simulation explores different possible combinations of parameter changes. As result, depending on the chosen variances it is possible to obtain all SRES IPCC Scenarios.
It must be noted that the results shown in Figures 6 to 9 (for population, GDP, energy and emissions dynamics respectively) do not represent necessarily our best guess, since we choose as initial model the Reference projection of EIA. It can be further discussed which is the most acceptable set of values, but, as with the IPCC SRES, the selection will depend on the modelers´ criteria based on available information. However, the present study does show that conceptually and mathematically the model describes the dynamic and interactions in population, economic output, energy consumption and carbon emissions. It also shows that it is able to capture a wide range of different scenarios with a set of simple coupled equations.
Conclusions
The on-going world demographic transition experienced since the beginning of the last century has mobilized demographers and social scientists to explain the causes of such transition, but also to foresee the impact such changes may have on the economy, labor, natural resources availability and emissions to the environment.
In this paper, we propose a set of ordinary differential equations for competing species to explain population dynamics, economic growth, energy consumption and carbon emissions. This system dynamic model is well known in the biological, ecological and environmental literature (as prey -predator or competing species) and has also been applied in other fields, like economics. These relations explain the changes in population of two species and are expressed in several forms, which include explicit functional responses, a carrying capacity or logistic growth functions. In this model, the inclusion of an additional function to the simplest LVR relations represents the influence that technological and cultural changes have on the population dynamic and economic growth.
The results of the model not only fits reasonably well the data or projections of international agencies (UN, EIA), but also explains in a simple mathematical way the transitional changes in population or economy. Additionally, we have applied the above model to estimate world energy demand and carbon emissions to the atmosphere, by adding two extra differential equations to those representing the population and economy annual changes. The model calculations were compared to several agencies projections (IPCC, EIA), leading to comparable results, and obtaining similar scenarios outputs. Thus, the value of the present model is not only the ability to reproduce in a wide range the current projections, but also to capture conceptually in a simple mathematically formalism the present transitional trends in population, economy, energy-demand and carbon emissions.
